
A-Level Mathematics Complex Numbers - Exponential Form

Do Now 

1) 	 Find the exponential form and modulus argument form of the complex 
number . 


2) Find 
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3) Find the square root of 
−28 + 96i
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= Iz - if

Let 2- * at ib then 2-2=-28-196 i
,
where a.be/R

then

Carib) ! -288+96 i
ah +Labi - b

'

= -28+96 i

Red . an - 5=-28 ①

Lab s 96 ③
⇒ b = 96 = 48
- -

La a

substitute b-Leaf into①
ah - s

- 28

⇒ a
"
t 128£ - 2304=0

⇒ ( ah - 36) ( ah -164) .

Since a EIR
,

at6450 has no solutions .
So

a = I 6 .

When as 6 , b =
8

When a = -6,5=-8 }
so c

.

= 6+8 i
on - 6 - 8i
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th Roots of a Complex Number 

Let  be a complex number and  also be a complex number. Then if  is a positive 
integer the equation  has         distinct solutions.


For the examples we are going to make use of the fact that


	 	 	 	 


Example 

a) Solve the equation 


n
z w n

zn = w

z = r (cos(θ) + i sin(θ))
=

z3 = 1
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h

Kor
( as (0+2 tht) t i sis (Ox 21km))
*

⇒ z
'
= cos x is is to)

( (us lot x is is LODY = cos (O ) x is in (O)
= cos (0×2 kit) x i sis (0×2kit)

Applying D e Moines ' thm b LHS

P(Us (30) x is in (30)) -- cos 10+2kit ) x is is (Ox2k¥
K E Z

m s I ⇒ r = ,

30 s O t 2kt ⇒ O = 2k
k sO
→ = O ⇒ z = cos Lo) x is in (O) =/

'
as 2¥ ⇒ z = us Es) + is in EE)

= Iz + Bz i

k a = -2¥ ⇒ z : cosf
+ is in tag)

=
-z - if i
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b) Represent the solutions from (a) on an Argand diagram.


c) Show that the cube roots of  can be written as ,  and  where 

	  

1 1 ω ω2

1 + ω + ω2 = 0
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Zz + if

.

£3 s -L - irz
2

Left w 77g ,- ing
2¥ i

= e

⇒ w 2 = e4kg
i

- 2% i
= e

= Z 3

Hence , I + w + Wh =
I + taxi# t

-Iz - if
= I -1=0
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Example 
Solve the equation 
z4 = 8 3 + 8i
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Efi
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Exercise 
1) Find the fifth roots of unity.
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Let 2-3=1
= I (as tis is (d)
=L (us (2*+0) + isis (2kt-O)

By De Moises
'

Theorem

r
s ( cos $0) + is is GOD = us 12k¥ is is kkt)

⇒ r s =L ⇒ r =/ and O -

- 2k¥
k so ⇒ Z , = l

K
-

-

- I ⇒ Zz sus GI) + is in f⇒
Ksi ⇒ Zz = cos ) + is in )
Ks -2 ⇒ Zq= cost ) tis is ( -4Gt)
K --2 ⇒ Zs = cos is in ( 4¥)
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2) Solve 
z3 − 27 = 0
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⇒ Z's27=2740+214+5510×2
Ay De Moines

"

Theorem

22412kt ) tis in tht)) =P(as 89×55130))
so r3=27 ⇒ r =3
30 -- 2kt ⇒ Os 2k¥
What , 0=2505*-0

so 2,518
-z×3§ithanks , 0=255 -

f
:

so Zz =3 (cos (F) tis is TED
Whenk

,

G s -2£
"

2-3=3 fest-251 '

sis

% -z - 3¥ i
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3) Solve the equation .
z4 − 75
2 −

81 3
2 i = 3
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-
-
-
-
-

*4=3×752 -181¥ i 8¥ r;
'

= +8¥ , 8¥

So r -- 81

Sob remains
.qeaafmta.CI?q)sTgZ4--r4(ccsl4O)-isisl4OD=8l(

us 2kt)

so
, rk=8, ⇒ ↳ 3

+54472kt))
and 40=3 -12kt ⇒O sing -1kt2
When Eso Tu

-

Os
' so Zi Seki

W¥" as,II. so 2-2=35%2
"

whenk.IO =¥t% , so
-2, s e'%

"

whenkjo.gg - tf - so 2-4=3 e'¥2
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4) Solve the equation .  

	 Hint: The sum of a geometric series will be useful here. 

1 + z + z2 + z3 + z4 + z5 = 0
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I +2+2423×-24-24=0 Geometry series
,

YI IE IE .

-

first-term 1
,

rate Z

number g-6ms 6 .

Hence

I x2-+22+2-3 stuff =O

⇒ -1-26 =0

I-2

⇒ I -26=0

⇒ 2-6=1

So the solutions are the
6 roots of

unity , excluding 1 since this
wouldn't satisfy

the original equation .

So roots are ⇒ s
-l

Z
,
= e

i

Zz =
e-2¥
i

Zz s e
i

-4¥ "

2-y
= e
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